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Abstract 

By making an appropriate choice for gauge fixing kappa-symmetry we obtain a 
relatively simple form of the actions for a D = 11 superparticle in AdS^ x S'^/Z^, 
and for a DO-brane, fundamental string and D2-branes in the AdS^ x CP^ super- 
background. They can be used to study various problems of string theory and the 
AdSi/CFT-i correspondence, especially in regions of the theory which are not reachable 
by the 05p(6|4)/[/(3) x S'0(l,3) supercoset sigma-model. In particular, we present a 
simple form of the gauge-fixed superstring action in AdS^, x CP^ and briefly discuss 
issues of its T-dualization. 



*pgrassi(§cern. ch 

tdmitri . sorokinOpd. inf n. it , linus .wulf f Opd. inf n. it 



Contents 



1 Introduction [l| 

2 AdSi X CP^ superspace 



Kappa— symmetry gauge fixing 

3.1 AdS^ X CP^ supergeometry with 6 = 1(1 + 7)6 

3.2 AdSi X CP3 supergeometry with 6 = |(1 - 7)6 [ll 

Applications 

4.1 D = 11 superparticle 

4.2 DO-brane 

4.3 The fundamental string 

4.4 D2-branes 

4.4.1 D2 fining AdS2 x inside of AdS^ 

4.4.2 D2 at the Minkowski boundary of AdS^ 



13 
11 

21 
22 
23 



5 Conclusion 24 



Appendix A. Main notation and conventions 

A.l AdSi space 

A. 2 CP3 space 

A. 3 Type llA 74^5*4 x CP^ superspace 

A. 4 Superspace constraints 

A. 5 24 + 8 splitting of 32 6 



25 
25 
26 
26 
27 



Appendix B. 0Sp{'6\A) /U{?)) x 5*0(1,3) supercoset realization and other ingre- 
dients of the (10|32)— dimensional AdS^ x CP^ superspace |27 

B.l Other quantities appearing in the definition of the AdS^ x CP^ superspace of 



Section [2] l28 



Appendix C. Identities for the kappa-projected fermions [2 

C.l Identities involving t;""* |2 

C.2 Identities involving d"'"' and the simplified form of the 



05p(6|4)/f/(3) X soil, 3) supergeometry [30 



1 Introduction 

Recent developments, initiated in [1, 2j, which led to important progress in understanding the 
holographic duality between D = ?> superconformal theories and type llA string/M-theory 
on AdSi have revived an interest in studying strings and branes in supergravity backgrounds 
whose bosonic subspace is 74^5*4 x and 74^5*4 x M^, respectively, where is a compactified 
manifold of D = 10 type IIA supergravity and M'' is its Hopf fibration counterpart in D = 11 
supergravity (or M-theory). Examples of interest include the supergravity solutions with 
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= CP^ and = S'^ /Z^ (with an integer k being the Chern-Simons theory level) and 
their squashings. 

In particular, the J\f = 6 Chern-Simons theory with the gauge group U{N)k x f/(A^)_fc [3J 
has been conjectured to describe, from the CFT^ side, M-theory on AdS^^ x S'^/Zk. In the 
limit of the parameter space of the AB JM theory in which the 't Hooft coupling A = N/ k is 

A5/2 

<< A^^ and A; >> 1, the bulk description is given in terms of perturbative type IIA string 
theory on the AdS^ xCP^ background. To analyze this new type of holographic correspondence 
from the bulk theory side, an explicit form of the action for the superstring in AdS^ x CP^ 
superspace is required. 

In contrast to e.g. the case of type IIB string theory in AdSr, x superspace which 
preserves the maximum number of 32 supersymmetries and is thus described by the supercoset 
PSU{2,2\A)/SO{l,A) X S0{5), the case of type IIA string theory on AdS^ x CP^ is more 
complicated since AdS^ x CP'^ preserves only 24 of 32 supersymmetries. As a consequence, the 
complete type IIA superspace with 32 fermionic coordinates, that solves the IIA supergravity 
constraints for the AdS^ x CP^ vacuum solution, is not a coset superspace. This superspace 
has been constructed in [4J by dimensional reduction of the AdS^ x S"^ /Zk solution of D = 11 
supergravity described by the supercoset OS'p(8|4)/5'0(7) x 5*0(1,3) x Z^ with 32 fermionic 
coordinates. The construction of [4| has generalized to superspace the results of 0, El E] on 
the relation of AdS^^ x solutions of D = 10 type IIA supergravity and AdS/^ x solutions 
of D = 11 supergravity by identifying the compact manifolds as Hopf fibrations over 
corresponding M^. 

In it has been shown that the supercoset space 05'p(6|4)/?7(3) x 5*0(1,3) with 24 
fermionic directions, which has been used in [S]^[I3] to construct a superstring sigma model 
in AdS^^ X OP^, is a subspace of the complete superspace and that the supercoset sigma- 
model action (being a partially gauge-fixed Green-Schwarz superstring action) describes only 
a subsector of the complete type IIA superstring theory in ^4^54 x CP^. The reason for 
this is that the kappa-symmetry gauge fixing condition which puts to zero eight fermionic 
modes corresponding to the 8 broken supersymmetries is not admissible for all possible string 
configurations. So, in particular, though the 05'p(6|4)/f7(3) x 5*0(1,3) sigma model sector 
of the theory is classically integrable [9l [10] and there are generic arguments in favor of the 
integrability of the whole theory, the direct proof of the integrability of the complete AdS^^ x 
CP^ superstring still remains an open problem. 

The knowledge of the explicit structure of the AdS^ x CP^ superspace with 32 fermionic 
directions allows one to approach this and other problems. The form of the string action in 
the 74^5*4 X CP^ superspace can be drastically simplified by choosing a suitable description of 
the background supergeometry and an appropriate kappa-symmetry gauge, as was shown pre- 
viously for the cases of the type IIB superstring, D3, M2 and M5-branes in the corresponding 
AdS X S backgrounds [Ilj-[in]. A superconformal realization and a kappa-symmetry gauge 
fixing of the 05p(6|4) sigma model sector of the ^4^54 x CP^ superstring have been considered 
in [20j and in a light-cone gauge in [21] . 

In this paper we perform an alternative ^-symmetry gauge fixing of the complete AdS^ x 
CP^ superspace which is suitable for studying regions of the theory that are not reachable 
by the supercoset sigma model. In Subsection 14.31 we apply this gauge fixing to simplify the 
superstring action in AdS^^ x CP^ and consider its T-dualization along a "id translationally 
invariant subspace of AdS similar to that performed in [TT], which results in a simple action 
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that contains fermions only up to the fourth order. We also argue that, in contrast to the 
AdS^ X superstring [221 E31 [21] , it is not possible to T-dualize the fermionic sector of the 
superstring action in AdS^ x CP^, which agrees with the conclusion of regarding the 
OSp{6\4:) supercoset subsector of the theory. 

In addition to the superstring, also for certain configurations of type IIA branes, e.g. 
DO- and D2-branes considered in Section 4, the complete AdS4^ x CP^ superspace should be 
used. An interesting example is a 1/2 BPS probe D2-brane placed at the d = 3 Minkowski 
boundary of AdS4^. Upon gauge fixing worldvolume diffeomorphisms and kappa-symmetry, 
the effective theory on the worldvolume of this D2-brane, which describes its fluctuations 
in AdS^ X CP^, is an interacting d = 3 gauge Born-Infeld-matter theory possessing the 
(spontaneously broken) superconformal symmetry OSp{6\4). The model is superconformally 
invariant in spite of the presence on the d = 3 worldvolume of the dynamical Abelian vector 
field, since the latter is coupled to the 3d dilaton field associated with the radial direction of 
AdS^. The superconformal invariance is spontaneously broken by a non-zero expectation value 
of the dilaton. This example is a type IIA counterpart of so called singleton M2, tripleton M5 
and doubleton D3-branes [261 [HI [211 EH] at the boundary of AdSp+2 x S^-p-^ (p = 2, 3 and 5), 
respectively, in = 11 supergravity and type IIB string theory (see [28] for a corresponding 
brane scan and a review of related earlier work). 

Another example of interest for the study of the AdS^/CFTs correspondence is a D2-brane 
filling AdS2 x G AdS^ [29]. This BPS D2-brane configuration corresponds to a disorder 
loop operator in the ABJM theory. Other D-brane configurations, which are to be related to 
Wilson loop operators in the ABJM theory, were considered e.g. in [30]-[34]. In this paper 
we extend the bosonic action for a D2-brane wrapping 74^5*2 x to include the worldvolume 
fermionic modes. 

We start our consideration with an overview of the geometry of the AdS^ xCP^ superspace. 

2 AdS/i X CP^ superspace 

The superspace under consideration contains AdS4^ x CP^ as its bosonic subspace and has 32 
fermionic directions J^. It is parametrized by the supercoordinates 

= (x",i/™',e^) = {x'^,y"'', v"'), (2.1) 

where (m = 0, 1, 2, 3) and y"^' [m! = 1, ■ ■ ■ , 6) are, respectively, the coordinates of 74^5*4 = 
50(2, 3)/50(l, 3) and CP3 = SU{4:)/ SU{3)xU{l). 6^^ are the 32 fermionic coordinates which 
we split into the 24 coordinates "i?"" , that correspond to the 24 unbroken supersymmetries 
in the AdS^^ x CP^ background, and the 8 coordinates i;"* which correspond to the broken 
supersymmetries. The indices a = 1,2,3,4 are AdS^ spinor indices, a' = 1, ■ ■ ■ , 6 correspond 
to a six-dimensional representation of SU{3) (note that the index a' appearing on spinors is 
different from the same index appearing in bosonic quantities, see Appendix A. 5) and 2 = 1,2 
are S0{2) ~ f^(l) indices. For more details of our notation and conventions see Appendix A 
0. For the reader's convenience, below we list some of the notation used in the text: 

^Our notation and conventions are close to those in ^4]. The difference is that, in this paper we put a "hat" 
on the AdS/^ vector indices and use a more conventional IIA superspace torsion constraint T^p^ = — 2ir^^ 
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1. D = 10 AdSi X CP^ superspace with 24 fermions is the supercoset OSp{6\4:)/U{3) x 
50(1, 3). The supervielbeins and connections are denoted by 

E^,E''',E"''',Q^\Q'''''',A) (2.2) 



whose expressions are given in Appendix B, eq. (B.l). 

2. D = 11 AdS4^ X S*"^ superspace with 24 fermions. This is obtained as a U{1) bundle over 
the OSp{6\4:)/U{3) x 5*0(1,3) supercoset with the fiber coordinate denoted by z. It is 
the supercoset OS'p(6|4) x f/(l)/[/(3) x 5*0(1,3) whose supervielbeins and connections 
are denoted by 

E^ E''', E\ E"""', Q'''^') . (2.3) 



They are given in eqs. (14.91) . see also [4j. E"^ stands for the 7th (fiber) direction of S'^ 
(or, equivalently, the 11th direction in D = 11). 

3. D = 1 1 Ac?S'4 X S*"^ superspace with 32 fermions. This is the supercoset OS'p(8|4)/S'0(7) x 
S'0(l,3). Its supervielbeins and connections are denoted by 

. (2.4) 

Their explicit expressions are given in (14.11) . (14.21) and (14.31) . 

4. Finally, the D = 10 AdS^ x CP^ superspace with 32 fermionic directions is obtained 
by performing a rotation of (12.41) in the (a, 7)-plane accompanied by the dimensional 
reduction to D = 10 (see [4j). The geometric quantities characterizing this superspace 
are denoted by 

r', O^'^'^A ) . (2.5) 



The supervielbeins have the following form 



(instead of Taf3 = 2r^^) and corresponding constraints on the gauge field strengths. We also restore the 
dependence of the geometric quantities and fields on the S'^ radius i?, the eleven-dimensional Planck length 
Ip = 63 ^'^^Vo' and the Chern-Simons level fc, which were put equal to one in [4]. 
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S""' {x,y,^,v) = e3<>(^) ( E"' {x, y,^) + 2iv ^^^^^y^'^y^ E{x,y,^) ] , 



m 



S^{x, y, ^, v) = ei'^(^) (^E^x, y, ^) + iivj^ ^^^^J^^^ Dv^ Ag^( 



V 



(2.6) 



£'''(x,y,i»,v)^e-e 



V M 



Dv Spr {v) - ^e'^(-)^l(x, y, i?, z;) (7^£A(z;))- , 



The new objects appearing in these expressions, m, M., Aa^ -Br" and 5"^ , are functions of v and 
their exphcit forms are given in Appendix B.l while the dilaton 0, dilatino A and RR one-form 
Ai are given below. Contracted spinor indices have been suppressed, e.g. {ve'-j^)ai = '^^■'^jilpa^ 
where Sij = —Sji, £12 = 1 is the 5*0(2) invariant tensor. The covariant derivative is defined as 



Dv^{d+ ^E%x, y, 19) r'la - l^^'H^, y, ^) lai)'"- 



(2.7) 



The type IIA RR one-form gauge superfield is 



Aiix,y,'&,v) ^ Re-I't'^''^ 



4 __5sinh2A^/2 



A(x, y, -&) - —V Dv ] — $(v) 



R 



klr. 



The RR four-form and the NS-NS three-form superfield strengths are given by 



(2.8) 



1 



4! \kh 

1 ^.^t^., 6 



6 



AB)a/3 ) 



(2.9) 



Hs = dB2 = --£'£'S%—e-'^e,^^E/) - i£^£i£^TATnU + i£^£^SHrABr''X)a 
and the corresponding gauge potentials are 



^2 = 62+ / dtieHs{x,y,te) , O ^ {^,v) (2.10) 
Jo 

^3 = 03+ / dtie{F4 + AiH3){x,y,tQ), (2.11) 
Jo 
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where 62 and 03 are the purely bosonic parts of the gauge potentials and ie means the inner 
product with 0-. Note that 62 is pure gauge in the AdS^ x CP^ solution while 03 is the RR 
three-form potential of the bosonic background. 

The dilaton superfield (f){v), which depends only on the eight fermionic coordinates cor- 
responding to the broken supersymmetries, has the following form in terms of E'r"'[v) and 



e^^^""^ = ^^^^ + E-j-Ej^r,,^. (2.12) 



The value of the dilaton at t; = is 

ei<^(")Uo = ei^« = ^. (2.13) 

Kip 

The fermionic field A"*(?;) describes the non-zero components of the dilatino superfield and is 
given by the equation [53] 

K^ = -'-D^,(t){v). (2.14) 

In the above expressions E"'{x, y, -(9), E"'' (x, y, -(9) and il"'''{x, y, '&) are the supervielbeins and 
the AdS^ part of the spin connection of the supercoset OSp{6\4:) /U{3) x S0{1, 3) and A{x, y, {}) 
is the corresponding type IIA RR one-form gauge superfield, eq. (12. 2p . whose explicit form is 
given in Appendix B. 

As mentioned above other quantities appearing in eqs. (12.6p - (l2.14p . namely A4, m, ^{v), 
Ey"-{v), Aa^{v) and S/3-{v), whose geometrical and group-theoretical meaning has been ex- 
plained in [4j, are also given in Appendix B. 



3 Kappa— symmetry gauge fixing 

We shall now consider conditions for gauge fixing kappa-symmetry which are convenient for the 
description of configurations of superstrings and D-branes in the AdS^ xCP'^ superbackground 
described above and for studying AdS^/CFT^ correspondence problems. 

Since the AdS^/CFT^ holography is realized at the 3d Minkowski boundary of AdS^ it is 
convenient to choose the AdS^ x CP^ metric in the form 

ds^ = (^-^^ dx"" 7]mn dx"" + {^^^ dv^ + R^p, dsl^^ (3.1) 

where m = 0, 1, 2 are indices corresponding to the coordinates of the 3d Minkowski boundary 
and r is the 4th, radial, coordinate of AdS4^. So the AdS4^ coordinates are x™" = (x™,r). The 
AdS^ radius is half of the CP^ radius Rcp» which (in the string frame) is related to the S''' 
radius R as follows 

Rcp^ = e^-R = j . (3.2) 

In the coordinate system associated with the metric (13.11) (the bosonic part of) the RR 
field ^3, whose flux, together with F2 = dai = ^ dy"^' dy"'' J^'n' (where dy"^' dy'""' J^'n' is the 
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Kahler form on CP^), ensures the compactification on AdS/^ x CP^ [HI El [7], has the following 
form 

a3 = e~'^°(—^^ dx"^ dx^ dx^ , = -^—e"^'' ( -^—\ dx'^ dx^ dx^ dr . (3.3) 

V Rcp3 ) Rcp^ V Rcpi J 

(In our conventions the exterior derivative acts from the right.) 

Instead of the AdS^^ part of the metric (13.11) . which obscures a bit the fact that the metric 
of the conformal boundary is the flat Minkowski metric on i?^'^, one can use the AdS^ metric 
in the conformally flat form 



= ^,idx-Vmndx- + ^du^) , U = . (3.4) 

This metric is associated with a simple coset representative g = exp(x'" Um) exp^Rcps In(M)D), 
where 11^ are the generators of the Poincare translations along the Minkowski boundary 
([n^, n„] = 0) and D is the dilatation generator [D, = 11^. 

Note that if the components of the vielbein associated with the metric (13.11) or (13. 4p are 
chosen to b^ 

j.,a . -1 j,,a „4a „3 Rcp^ j„ Rcp^ 

i-CPS 

the components of the 5*0(1,3) spin connection are 



6 3 6" = ^5 — dx"" = u ^ dx"- , e 3 = dr = du, (3.5) 



uj'^^ = ~e\ (3.6) 

and 

u''^ = Q. (3.7) 

We shall use the relation (13. 6p to simplify the form of the gauge fixed AdS^ x CP^ superge- 
ometry. Note that the condition (13. 6p can always be imposed by performing an appropriate 
local 5*0(1,3) transformations of the vielbein and connection, though in general the 5*0(1,2) 
components tu"^ of the connection will be non-zero. 

Using the previous experience of gauge fixing kappa-symmetry of superstrings, D-branes 
and M-branes in AdS backgrounds [ll]-[l9] we choose the kappa-symmetry gauge fixing con- 
dition in the form[§ 

e = 1(1 ±7)6 ^«' = i(l±7)r', v' = ^il±^)v\ (3.8) 

where 

7 = 7°'' 7' = 1, {7,7'} = [7,7l =0 and 77^ = -^7^ , (3.9) 



^Note that the vielbeins e° and appealing in eq. (|3.5p correspond to the AdS 4 metric of the D — 11 
AdS4 X S"^ solution characterized by the radius R which is related to the CP^ radius in the string frame 
according to eq. ()3.2|) . These bosonic vielbeins will appear in our explicit expressions for the AdS4 x CP^ 
supergeometry. 

•^Such a gauge for fixing kappa-symmetry is analogous to the so called Killing spinor gauge [14] . or super- 
solvable gauge [2S] 1 or the superconformal gauge [T^] . 
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a = 0, 1, 2 are the indices of the 3d Minkowski boundary or of AdS2 x and 7^ is associated 
with the third spatial direction of Ad 84^. Note that, in view of our definition (lA.lOp of the 
D = 10 gamma-matrices the matrices defined in (13.91) can be regarded either as Ad gamma 
matrices or as the D = 10 matrices F"^ = 7" ® 1 (a = 0, 1, 2, 3). 

The condition fl3.8p is admissible for fixing kappa-symmetry if the projection matrix |(1=P7) 
either coincides or does not commute with the kappa-symmetry projection matrix |(l + r) of a 
given configuration of the superstring and D-branes. This can be understood in the following 
way. To lowest order in fermions G transforms under kappa-symmetry as 

6,Q = ^{l + r)K, (3.10) 

where |(l + r) is a projection matrix and /t(^) is an arbitrary spinor parameter. It is then clear 
that if the two projectors coincide, we can pick a k, such that |(1 + r)0 = 0, or equivalently 
G = |(1 — r)6. In the case when the two projection operators do not coincide a kappa- 
symmetry variation of the gauge-fixing condition |(1 =p 7)0 = which leaves it intact gives 

o = ^(iT7)(i + r)«: = ^(i + r)(iT7)(i + r)«:T^[7,r](i + r)«: = ^[7,r](i + r)«:, (3.11) 

where in the last step we made use of the initial equation. This means that for the gauge-fixing 
to be complete, i.e. that the variation of the gauge fixing condition vanishes if and only if all 
independent kappa-symmetry parameters are put to zero, the commutator [7, F] has to be an 
invertible matrix (when restricted to the relevant subspace). 

As we shall see below, for any choice of the sign the condition (13. Sp is an admissible gauge- 
fixing in the case of arbitrary motion of DO-branes in AdS4^ x CP^, while in the case of the 
superstring it is admissible (for both signs) for those configurations for which the projection 
of the string worldsheet on the 3d Minkowski boundary is a non-degenerate two-dimensional 
time-like surface. In the case of the D2-brane placed at the Minkowski boundary of AdS^, to 
gauge fix kappa-symmetry one must choose the condition (13. 8p with the lower sign [19j, while 
both signs are admissible when the D2-brane wraps an ^4^5*2 x subspace of AdS^. However, 
the choice of (13.81) with the upper sign yields the simplest gauge-fixed form of the string and 
brane actions in the AdS^ x CP^ superbackground. 

When the fermionic coordinates are restricted by the condition (13.80 . the expressions for 
the supervielbeins and the gauge superfields of the AdS^ xCP^ superspace drastically simplify 
due to the identities satisfied by the projected fermionic coordinates given in Appendix C. In 
particular, the functions of v which enter the eqs. (I2.6I) - (I2.12I) . whose explicit forms are given 
in Appendix B.l, reduce to 

8 , sinh^ MI2 , , 

$(^) = 1 + _ ^ ' ev = l, (3.12) 



8i sinh2A^/2 

-—vy . .„ ev 



R 



2 



2^ a 

-—vy ev, 



8i 3 sinh^ M /2 



ev 



0. 



(3.13) 
(3.14) 
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The dilaton superfield fl2.12p takes the form 

ei*(") = ^(l-^M^) <^W = ^(log^- J^M')' (3-15) 

where vv = 6ijCaf3v'^^v^\ and the dilatino becomes 

We also find that 

Aa' =il + ^ivvf )5a\ A3''=Aa' = 0, A3' = 1 , (3.17) 

and 

(^-^Y' e-'e'^ 6a^+ ^v^ev iTaTu)a^. (3.18) 
3.1 AdS4^ X CP^ supergeometry with 6 = |(1 + 7)6 

The supervielbeins (12. 6p and the gauge superfields (12. 8p . (12.101) and (12. lip take the simplest 
form when the kappa-symmetry gauge condition (13.81) is chosen with the upper sign. In virtue 
of eqs. (I3.12I) - (I3.18I) and expressions given in Appendix C, the supervielbeins reduce to 

/ /? \ 1/2 , 

S%x,y,^,v) = (^^Y\e%x)+zQYDe){l - ^^{vvf) , (3.19) 

/ /? \ 1/2 8 
S'{x,y,^,v) = (— ) e'{x){l - ^{w?) , 

The type IIA RR one-form gauge superfield is 

/ 2? \ 

Ai{x,y,^,v) = kl,i^A{y) - —{e\x) + tQrDe)ve^av) , (3.20) 
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where A(y) is the potential for the Kahler form on CP^, i.e. dA(y) = -^dy'^'dy'^' Jm'n'-, and 
the covariant derivatives are 

DQ = iD8V,D2i^) (3.21) 
Dsv = (rf - - \u;^'lab + 2A{y)e^ v 

where V2 and Vq are projectors that single out from 32 0, respectively, 8 v and 24 (see 
Appendix A. 5). The appearance of the U{1) gauge potential A{y) in the covariant derivative 
of V fl3.2ip reflects the fact that v has U{1) charge equal to 2. 
Note that 

Ds = V2VV2, D24 = VeVVe, (3.22) 

where 

(3.23) 



The NS-NS three-form, eq. (12. 9p . becomes 



fi? 2 /? r ?' 



+ ^{6" + iQ-i^DQ) DQ -fab DQ v-f'ev + - 77 L'B + ^ e"' DQ-fa'^v 

R 2 R 



Z K 



(3.24) 



where 9 = ((d,v) and DQ = (^24^, ^8^^)- 

We now want to determine the potential of = dB2 using eq. fl2.10p . Taking into account that 
ie^^ = 0, and the fact that with the plus sign in the projector (13. 8p Q'jabDQ = Sabc QY^Q 
etc., we get 



R / ? 2? 1 

klp\R R R 

+ ie"' Q-ia'l'^DQ + Q-i^DQ v-iabsv + ^Q-i^DQ Q-f^DQ v-fabsv) . (3.25) 
R R ' 



This gives the NS-NS two- form potential (see eq. (12.101) ) 
B2 



R_ 



R R 



^-e^'e"' Q-iaW^ + Q-i'^ DQ + le"' Q-ia^'^ DQ 
R 



(3.26) 



Now we turn our attention to the RR four- form F4 ( 12. 9p and its potential A:^ ( 12.111) . F4 
simplifies to 

1 

AB)aP , (3.27) 



F4 = -y^ e-''H^£'£^£''eabc - '-e-'^£^ £^£^^{T 



kl 
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which gives 



kip 

= -tie' + tQ^'DQ){e'' + iQ^'^DQ) (1 + }^{vvf){DQ^abQ + ^e'^e^bc {vvf) 

Aj A , 

R R 
R"^ 

- le' e-^ (DQ^a'b'Q + -^{e'' + tQrDQ)v^a7a'b'^vv) • (3.28) 

R"^ 

Since ieAi = the RR three-form potential ( 12. lip becomes 

^3 = 03+ / dt{ieF4 + AiieHs){x,y,t&) 
Jo 

= as - ^e'e'^ DQ^^tQ + e'e'^' DQ^^'Q - ^e^'e"' DQ^a'b'Q + ^e^'Q^'^DQ DQ^^bQ 

+ '-e^'^DQ e-i'^DQ DGjabQ + klp A{y) B2 . (3.29) 


Looking at the purely bosonic part of F4, eq. (13.271) it is easy to see (compare also with eqs. 
(13. 3p ) that we can take 

as = ^e'=eV£,fe,. (3.30) 

Note that in the above expressions for the supervielbeins (13.190 . the RR one-form (13.201) . the 
three-form (I3.29P and the NS-NS two-form (I3.26P the maximum order of the fermions is six. 

3.2 AdS4 X CP^ supergeometry with 6 = 1(1- 7)6 

When the condition (13. 8p is chosen with the lower sign, in view of eqs. (I3.12p - (l3.18p and ex- 
pressions given in Appendix C, the supervielbeins (12.60 and the RR one-form gauge superfield 
(12. 8p reduce to a form which is more complicated than their gauge-fixed counterparts of the 
previous Subsection. But, as we have already mentioned, one cannot use the gauge fixing 
condition of Subsection 13. II to describe the D2-brane at the Minkowski boundary of AdS4, and 
should impose G = ^(1 — 7)6 instead. In this case the supervielbeins take the following form 

S'^'ix, y, v) = (^) (e^'(y) - |e'^(x) e^'laO) (1 - ^(w f) , 

S%x,y,^,v) = [^)"^ (e''(x) +zG7"/^G + ^^e\x){m - vvfyi - ^{w?) , (3.31) 
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/ \ 1/4 / 1 



Ai 1 \ 



The type IIA RR one-form gauge superfield is 

Ai{x,y,^,v) = klp(^A{y) - ^e\x) Q^'-faQ - -^(e'^(x) + iGYDQ + ^e''{x){mf)ve-faV^ . 

(3.32) 

In the above expressions 
DQ = {Dsv,D24^), 

Dsv = iD-^vve''ja + 2A{x,y,'d)e)v (3.33) 
= {d+ ^e^b'la + vvha) + - ^^"Sa. + {2A{y) - ±e'^^7'7at9)e)i;, 

(3.34) 

(The shift of D by —■^vve"''ya has been made for the expressions to have a nicer and more 

covariant-looking form) . 

The NS-NS three-form, eq. (12. 9p . becomes 

Hs = -^e'S'S- BabcvYev - tS^S^S^{TATnU + iS''S^£^{TABr''\)a. (3.35) 
We now would hke to determine its potential according to eq. (12.101) . Using the fact that 

^eS^ = (— ) (6^ + -vrev (er^Fn)^) (3.36) 

and ie^"^ = we get 

teH3 = ( - + tOl'DQ + -^e'im - vvy){e'' + zQ^DQ + ■^e''{m - vvy)v^abl'v 

K K K 

+ 4(e" + iB^^De + -^e^i^^ - vv f)e''e-fbal^e + 2e^De-f'^e 
R R 



2 4? 2 

ix ri ri 

1 I, i-i ^ , , 2 ,. ,, 

7 V 



- -(e"' - -e''e7S60)(e'^' - -^e^ Ql""' lcQ)Qla',>'-' 
+ -^(e"' - |e^e7'^'7,e)e'^e7a'7afeet;7''£t;) (3.37) 
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and finally 

- e^'DQ + Ae3e«(^77^,^ - v^^^'^v) 66 + z(e''' - ^e" 67'^'7a6) 67a'7'^© 

2? 4 2 2 

+ -^(e'^' - — e^67'^'7c6)e"£„,e67a'7'©t^7'^^^ + ;^(e"' - ^e" 67"'766)e» V7a^9^7a't^ 

+ -^{e"' - ;^e^67'^'7fe©)e'^©7a'7'7a© - vv) - -|-e V e.^^ ©7 V© ((^^)' - (t^^^)') 

+ -^e'e" ^^dl'^ ^l^l'^ Sab, v^'ev) . (3.38) 

Note that the maximum order of the fermions in the above expressions is ten. 

Using the form of F4 in (12.91) as well as the expressions (13.321) for Ai and (13.371) for ze-f^s 
the quantity relevant for computing the RR three-form potential ^3 becomes 

= -(e^ + iQ^^DQ + ^e\m - vvf){e'' + ie-i'^DB + ^e^^m - vv)^)eabciOl"De 

- 2e\e''' - ^e^^ 67"'7a6)D67a'6 - ^e'e'^Q^aDQ 66(1 + ^{vvf) (3.39) 

ri ri K 

- ^{e'^' - |e^67'^'7c6)e"(e'' + z67''I^6 + ^e\^^ - vvf)Q^^nab^{\ + ^^{vvf) 

_ ,(e^' - 67Sfe©)(e"' - |e" 67'''7a6)D67a'fe'6 + kl^{A{v) - 67^a6)ze^3 • 

One can now substitute this together with the expression for i@H^ (I3.37P into eq. (12.111) and 
compute the explicit form of the RR three-form potential ^3 in this gauge. Since we have not 
got a reasonably simple expression for ^3 we shall not present it here. 



4 Applications 

We can now use the kappa-gauge fixed form of the AdS4^ xCP^ superbackground of Subsections 
13.11 and 13.21 to simplify the actions for the type IIA superstring and D-branes. Let us note 
that the gauge fixing conditions (13. 8p can also be used to simplify the actions for the D = 11 
superparticle, M2- and M5-branes in the 74^5*4 x S'^/Z^ superbackground (12.41) . We shall 
consider the example of the D = 11 superparticle below. 

4.1 D = 11 superparticle 

Let us consider a massless superparticle in the AdS4 x S'^/Zk supergravity background. Re- 
call that when k = 1,2, the supergravity background preserves the maximum number of 32 
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supersymmetries, while for /c > 2 it preserves only 24. The superparticle action in the com- 
plete superspace with 32 6 is constructed using the supervielbeins of the OSp{^\A) / SO{y) x 
S0{1,?>) X Zk supercoset derived in 0] 

aSmh2-^/2 ^ ^ ^ a/ ^ 

f Dv + jdzEr'^iv) 

sinhm , . 
m 

4 5sinh2A</2 





= 




= E"' 




R 






= 1' 











^""^^M^^^y (4.1) 



2 

(Z^f — — dzev' 
k 



R \ J 



Pi 



where z is the 7th, U{1) fiber, coordinate of S*^, Dv has been given in (12. 7p and the eight 
fermionic coordinates v"^ correspond to the eight supersymmetries broken by orbifolding with 
k>2. 

The explicit form of the fermionic supervielbeins in (14. ip and of the connections on 
OSp{^\A) / S0{7) X 5*0(1,3) x are not required for the construction of the Brink-Schwarz 
superparticle action but one needs them for the construction of the pure-spinor superparticle 
action in curved superbackgrounds, so we present also the form of the spin-connection below. 

The 50(1,3) connection is 

= n^\x, y, + -|t;7S' ''""^^^^^ i Dv - ydz ev) (4.2) 



R ' ' M"^ \ k ^ 
and the 5*0(7) connection is 

ir''' = n-'>'\x,y,^) - ^Ej r''' - ^v'^^r'''i'E . 

R R m 

n^"' = 1(e''-Uv'^,'','e\ J/. 
R \ m J 



(4.3) 



The functions and forms appearing in (14. 10 - 04.30 are defined in Appendix B. 

The first order form of the action for the massless superparticle in the 05'p(8|4)/5'0(7) x 
50(1,3) X Zk superbackground is 

S = j dr {PaE^ + ^ PAPBri—) , (4-4) 

where Pa {A = 0, 1, ... , 10) is the particle momentum, e(r) is the Lagrange multiplier which 
ensures the mass shell condition = and 

EA = drZ^Ej^^ , Z^ = (x, y, z, ^, v) 
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is the pullback to the worldhne of the supervielbeins (14. ip . The action is invariant under local 
worldline diffeomorphisms and under the fermionic kappa-symmetry transformations 



5Z^E^^ = P^(r^«:)^, 5Z^E^^ = , (4.5) 

5e = -4^ E^ , 5Pa = ^Z^^^ Pb- (4.6) 
Inserting in the action the expressions for the vielbeins (14.11) . we get 



S = dr 



, .sinh2A^/2^ ~sinh2A^/2 drZ 

Pa ( E^^ + Aiv^ D^v - 8^vr ev -f 

+PAEf + 2^v'^r'l'E^ (4.7) 



m 

2 



+P7 [^[— + '^)- j^, ' {D^v - 2sv—) j + - P^PsV 

The action (14. 7p can be simplified by eliminating some or all pure-gauge fermionic modes 
using the kappa-symmetry transformations (14.50 . For instance, when the momentum of the 
particle is non-zero along a CP^ direction inside S*^, the projectors Vq and V2, defined in eqs. 
(lA.llI) and flA.14p . do not commute with the kappa-symmetry projector (14. 5 p and one can use 
e.g. the 16 kappa-symmetry transformations to eliminate 16 of the 24 i). After such a gauge 
fixing the action will contain 8 remaining -(9 and 8 v. 

Alternatively, by partially gauge fixing the kappa-symmetry one can eliminate all eight v 
keeping 24 In the latter case the action reduces to the form in which it describes the dynamics 
of a superparticle in a superspace with 11 bosonic coordinates and 24 fermionic ones. This 
superspace has been introduced in P] as a Hopf fibration of the supercoset 05'p(6|4)/f/(3) x 
5*0(1,3). It is the supercoset 

ospm X ^(1) . . 

U{3) X ^0(1,3) X Zk ^ ■ ^ 

The geometry of (14.80 is described by the supervielbeins 

E' = E'{x,y,^), 

E""' = E'^'{x,y,^), (4.9) 
E-^ = R{^ + Aix,y,^)), 
E^^' =E^^'{x,y,{}), 

where (as already mentioned) the explicit form of the right-hand sides of ( 14. 9p are given in 
(EH). Notice that now z appears only in the vielbein E'^ along the f/(l)-fiber direction of S"^. 
The first order form of the superparticle action in the superspace (14.90 is 

S = jdr (Pa K + Pa' K' + P7 El + I PaPbV—) 

= Jdr (^Pa E^ + P., Ef + P, R + A,^ + ^ P^Pb V—^ , (4- 10) 
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where now 

= d,Z^ Em- + z eA , Z-^ = (x, y, ^) 

is the pullback to the worldhne of the supervielbeins (14.91) . 

It is easy to reduce the action (14.101) to D = 10. Once it is done, one obtains the action 
for a DO-brane moving in the supercoset OSp{6\4:)/U{3) x S0{1,3). 

As we have mentioned above, the action (14. 101) describes a superparticle which has a non- 
zero momentum along the CP^ base of the 5*^ bundle. This is required by the consistency of 
the kappa-symmetry gauge fixing condition v = 0. To describe other possible classical motions 
of the superparticle, e.g. when = 0, one should chose a different kappa-symmetry gauge. 

For instance, if the superparticle has a non-zero spacial momentum along the 7th, fiber 
direction, of S*^, one can use the gauge fixing condition corresponding to that of Subsection l3.1[ 
In this case, in virtue of the gauge-fixed expressions of Appendix C, the action (14. 7p simplifies 
to 



S = J dr Pa (e^(x) + i^YDr^ + iv-f^D^v - 2ivYev^ 

+Pa, ef (y) + Pa el{x) + P,r(^ + AAy)) + ^ PaPrV^ 



k "'^W 2 



(4.11) 



The dimensional reduction of the D = 11 superparticle action (14. lip along z results in the 
kappa-symmetry gauge-fixed action which describes an arbitrary motion of the type IIA DO- 
brane in AdS4^ X CP^ superspace. 

Before considering the DO-brane, let us note that the action (14.71) is the most appropriate 
starting point for the construction of the pure-spinor formulation of the D = 11 superparticle 
in the AdS4 x CP^ supergravity background. The pure-spinor condition XT^X = in D = 11 
implies that the 32-component bosonic pure spinor A- has 23 independent components [371138]. 
This counting ensures the correct number of bosonic and fermionic degrees of freedom. 

In the cases of the actions (I4.10p and (14. lip that describe a particle motion in the reduced 
superspaces, one can also develop pure-spinor formulations in which the pure spinor A, in 
addition, is subject to the same constraint as the one imposed on G by kappa-symmetry gauge 
fixing, e.g. V2X = in the case v = V2Q = 0. This guarantees the correct counting of the 
degrees of freedom in the pure-spinor formulation (similar to the cases considered in pT], [T2]). 
That is, the difference between the bosonic and fermionic degrees of freedom remains the same. 
Indeed, in the case of the pure-spinor formulation of the massless D = 11 superparticle [37] 
there are 11 bosonic X— plus 23 pure spinor degrees of freedom and 32 fermionic G, while in 
the above example of the reduced pure spinor formulation the pure spinor effectively contains 
23 — 8 = 15 degrees of freedom against 24 fermionic ones, while the number of X remains the 
same. 

When the pure spinor formulations of the superparticle in reduced superspaces correspond 
to the kappa-gauge fixed versions of the Brink-Schwarz superparticle whose consistency is 
limited to particular subsectors of the classical configuration space of the full theory, one 
may expect that the former will also describe only subsectors of the pure-spinor superparticle 
model formulated in the complete superspace with 32 fermionic coordinates. As in the case of 
the pure-spinor type IIA superstring in AdS^ x CP^ [II1[I2], these issues require additional 
analysis. 
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4.2 L>0-brane 



To obtain the action for the DO-brane by dimensional reduction of the D = 11 superparticle 
action, one should first perform the appropriate Lorentz transformation of the D = 11 su- 
pervielbeins (as was explained in [1]) and make a corresponding redefinition of the particle 
momentum. We shall not perform this dimensional reduction procedure since the result is well 
known. The DO-brane action has the following first order form in the type IIA superback- 
ground in the string frame (see eqs. fl2.6p and (12.81) ) 

S = I dre-^ [PaE^ + ^{PaPbV^'' + m^)) + m ^ A , (4.12) 

where m is the mass of the particle and the second term describes its coupling to the RR 
one-form potential Ai. 

Integrating out the momenta Pa and the auxiliary field e(r) we arrive at the action 

S=-m j dre-'t' ^-S^E^t^ab + m j Ai . (4.13) 

The action (14.131) is invariant under worldline diffeomorphisms and the kappa-symmetry trans- 
formations (to verify the kappa-symmetry one needs the superspace constraints on the torsion 
and on F2 given in Appendix A. 4) 



where 



6.Z-^Sj^^=^-{1 + T)%k^{t), a = l,...,32, = {x,y,^,v) 



6,Z'^Sj/ = 0, A = 0,l,...,9 



S/TaTu, T' = 1. (4.15) 



(4.14) 



Comparing the form of the kappa-symmetry projector matrix (14.151) with the kappa-symmetry 
gauge fixing condition of Subsection 13. H we see that 7 = r^F^F^ (introduced in eq. (13. 9p ) 
does not commute with F in (14.151) provided that the energy P^ ~ of the massive particle 
is nonzero, which is always the case. Thus to simplify, e.g. the first order action (14.121) we can 
use the gauge fixed form of the supervielbeins and the RR one-form of Subsection 13. 1[ The 
action takes the following explicit form, with an appropriately rescaled Lagrange multiplier 
e(r), 



S = /rfr [(p,<'(y) + P3e?(x))(l + -|(i;t;)^) 

+ Pa (e^(x) + zQ^DrQ) (1 + ^i^^f) + ^ {PaPbV^'' + 
+ mklp j (^A{y)~^{e''{x) + ie^''De)ve^av) . (4.16) 
This action contains fermionic terms up to the 6th order in = {^,v). 
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4.3 The fundamental string 

In this section we use the geometry discussed above to construct the Green- Schwarz model for 
the fundamental string. We will first review the form of the superstring sigma model without 
gauge fixing and then impose the gauge fixing of the kappa-symmetry. This will provide a 
calculable sigma model. 

The action for the Green-Schwarz superstring has the following form 

^ = / ^H^'h-'efe;„,s-^ Jb., (4.17) 

where (/, J = 0, 1) are the worldsheet coordinates, hjj{^) is a worldsheet metric and B2 is 
the pull-back to the worldsheet of the NS-NS 2-form. 

The kappa-symmetry transformations which leave the superstring action (14.171) invariant 

are 

6^Z'^SM-=l{l + r)%^^{0, a = !,■■■, 32 (4.18) 

6^Z^Sm'' = 0, a = 0,1, ■■■,9 (4.19) 
where k-(^) is a 32-component spinor parameter, ^(1 + r)^ is a spinor projection matrix with 

^ e''£r^S/TABr^^, 1^ = 1, (4.20) 



2 V- det gij 

and the auxiliary worldsheet metric h^'^ transforms as follows 

= {h'' - 2/i^(^ g'^"^) (^5^Z^ Em £k + \9kl^.Z^ Em'^'K^ (4.21 

o.-,ri: h^^' QK'L'h^'^ - \h^^ h^'^' qk'l' kl ( , ryM c r F n F,7^F 

~li\J-h -= g [df^z tMi' Ac-Kc-L + -QklOk^ c-m a 

^h^^ qk'L' + Vh \ 2 

where 

guiO = Si^ Sj"" VAB , 9'' ^ (gij)-' (4.22) 

is the induced metric on the worldsheet of the string that on the mass shell coincides with the 
auxiliary metric hjj{^) modulo a conformal factor. Finally, g = detgu and h = det hjj. 
Using the identity 

h'' gjK h^' gu - \ {h'' gu? = \ {h'' 91 jf - 2 { (4.23) 
one can check that eq. (14.211) multiplied by gu results in 

5^ ( /i") gu = Ai{^g'''^- /i^^) 5,Z^ SM-i^A £k + ^gKLX)a , (4.24) 

which together with the variation (I4.18P and (14.191) of the superspace coordinates insures the 
invariance of the action (14.171) . 
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Comparing the form of the kappa-symmetry projector fl4.18p with the kappa-symmetry 
gauge fixing condition of Subsection 13.11 we see that this gauge choice is admissible when the 
string moves in such a way that the projection of its worldsheet on the 3d subspace along 
the directions (a = 0, 1, 2) of the target space is a non-degenerate two-dimensional time- 
like surface. Thus, it can be used to analyze the string dynamics in the sector which is not 
reachable by the supercoset model of [9l [TOl [11] . The latter is obtained from the action fl4.17p 
by gauge fixing to zero the eight fermions v, which is only possible when the string worldsheet 
extends in the CP^ directions. 

In the gauge of Subsection 13.11 we insert into the action fl4.17p the expressions (13.190 and 
f l3.26p for the supervielbeins and i?2- This results in an action that contains fermionic terms 
only up to the 8th order in 9 = (^9, v) @ 



S 



1 R 



1 R 

2'Ka' kL 



ij 



[e'i'e'iSa'b' + e?e3) (1 



6 



{vvf) 



(4.25) 



R R 



R 



To avoid possible confusion, let us remind the reader that in eqs. (I4.25p -( l4:.29p the covariant 
derivative DQ = {Dgv, D24'&) is defined in eqs. (I3.2ip . Actually, in (I4.25P the vielbein does 
not contribute to the covariant derivative and the connection u"-'^ is zero along the 3d Minkowski 
boundary of AdS4^, for the vielbeins chosen as in eqs. (13. 5p . It is not hard to check that the 
action (14.251) is invariant under twelve 'linearly realized' supersymmetry transformations 



6^ 



with parameters e = ^ (1 + 7) e being CP^ Killing spinors 



J->24.^ = Pq [d - —e + —e 
ri ri 



The other twelve supersymmetries of the 0Sp{'6\A) isometrics of (I4.25P are non-linearly realized 
on the worldsheet fields and include compensating kappa-symmetry transformations required 
to maintain the gauge "i? = | (1 + 7) 



■^Thc factor in front of the action is unconventional due to our normalization of the vielbeins, which comes 
from the dimensional reduction of the eleven-dimensional geometry. More conventional, unit radius string 
frame vielbeins (e° , ) can be introduced by the following rescaling 



(e^e'') 



Then the factor in front of the action becomes 
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The action (14.251) is slightly more complicated than the action for the AdSr, x superstring 
in the analogous kappa-symmetry gauge [151 [TBI ttZl; that contains fermions only up to the 
fourth order, since ^4^5*4 x CP^ is less supersymmetric than AdSr, x S^. The action fl4.25p 
takes a form similar to that of IT6| [T7] when we formally put the broken supersymmetry 
fermions i;"* to zero. 

As in the case of the string in AdS^ x it is possible to simplify the action further by 
performing a T-duality transformation on the worldsheet [T7]. Following [T7] we first rewrite 
the part of the action (14.251) containing the vielbeins e"' in the first order form 



Si 



1 R 



1i\a' klr 



d\ 



Pi (e? + ze7"Z^,e) + ^5=^ Pi P/ hn V^' - ^"-^ Pi v^ev 

2\/-h ri -h 



The equations of motion for the momenta Pi imply that 



Pi = -^-h{l-—{vv) 



^ Ry—h / 



(4.26) 
(4.27) 



Using the explicit form of the AdSi, vielbeins given in eq. (13. 5p and varying the first order 
action (I4.26P with respect to x° we find that Pi is proportional to the conserved current 
associated with translations along x'^ 







Pi 



R^ 



eja 



If we now substitute eq. (14.281) into (I4.26p the T-dualized version of the action fH3 
string in AdS^ x CP^ takes the form 



(4.28) 



for the 



S 



Alia 



1 R 

2Txa' kL 



6 

R^ 



(4.29) 



2? 1 



R 



Note that in the T-dualized action the fermionic kinetic terms appear only in the Wess- 
Zumino term and that there are now terms of at most fourth order in fermions. Note also that 
the first (induced metric) term of ( 14.29^ acquires a common factor (1 — -^{vv)'^) in contrast 
to the corresponding terms in the original action (I4.25p . 

To preserve the conformal invariance of the dual action at the quantum level one should 
add to it a dilaton term / R^'^'> (where R^'^^ is the worldsheet curvature), which is induced by 
the functional integration of Pi when passing to the dual action (see [391 SHI [IZ] for details). 
Here we should point out that in our case the original AdS^ x CP^ superbackground already 
has a non-trivial dilaton which depends on v (see eqs. (I2.12p and (13.150 ). 

The following comment is now in order. As in the AdS^ x case [T71 [2^ [21|, upon the 
T-duality along the three translational directions x'^ of AdS^ the purely bosonic (classically 
integrable) 74^5*4 xCP^ sector of the type IIA superstring sigma model maps into an equivalent 
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sigma model on a dual AdS^ space, both models sharing the same integrable structure [22]. 
The situation with the fermionic sector of the AdS^ x CP^ superstring is, however, different 
due to the fact that there is less supersymmetry than in the AdS^ x case. 

In the case of the AdS^ x superstring sigma model, one can accompany the above 
bosonic T-duality transformation by a fermionic one along fermionic directions in (complex- 
ified) superspace which have translational isometries [23l [2l] . This compensates the dilaton 
term generated by the bosonic T-duality and maps the AdS^ x superstring action to an 
equivalent (dual) one, which is also Integra However, in the AdSi x CP^ case under con- 
sideration the fermionic directions in superspace parametrized by v do not have translational 
isometries, since the action (14.251) or (I4.29P has t;-dependent fermionic terms which do not con- 
tain worldsheet derivatives. This just reflects the fact that the fermionic modes v correspond 
to the broken supersymmetries of the superbackground. 

As far as the T-dualization of the supersymmetric fermionic modes is concerned, it might 
be, in principle, possible (at least in the absence of v) if, as in the case of the PS'f/(2,2|4) 
superstring sigma model [23l [2^ . there existed a realization of the 05*^(614) superalgebra in 
which 12 of the 24 (complex conjugate) supersymmetry generators squared to zero and formed 
a representation of the bosonic subalgebra of OS'p(6|4). In other words the possibility of 
T-dualizing part of fermionic modes i) (in the absence of v) is related to the question of the 
existence of a chiral superspace representation of the superalgebra OS'p(6|4). Such a realization 
of OSp{6\4:) seems not to exist. In fact, it has been argued in [25] that the OSp{6\4:) supercoset 
subsector of the Green-Schwarz superstring in AdS^ x CP^ does not have any fermionic T- 
duality symmetry since in 05*^(614) the dimension of the representation of the supercharges 
under the R-symmetry is odd. The absence of the fermionic T-duality of the superstring in 
AdS^ X CP^ may have interesting manifestations in particular features of the AdS^/CFT^ 
holography. 

The gauge-fixed actions (I4.25P or (14.291) can be used for studying different aspects of the 
AdSi/ CFT^ correspondence and integrability on both of its sides, in particular, for making 
two- and higher-loop string computations for testing the Bethe ansatz and the S-matrix |41j^ 
[49j in the dual planar J\f = 6 superconformal Chern-Simons-matter theory, which would 
extend the analysis of [50] -[67], [21] and others. 



4.4 D2-branes 

Let us now consider the effective worldvolume theory of probe D2-branes moving in the AdS^ x 
CP^ superbackground. This can be derived from the action for Z?-branes in a generic type IIA 
superbackground [68l[69l[70] by substituting the explicit form of the AdS^xCP^ supergeometry 

(O-dmD. 

The action for a D2-brane in a generic type IIA supergravity background in the string 
frame has the following form 

S = -T [ d'^ e-^^-det{gjj + J^ij) +T [{As + Ai T<,) , (4.30) 



^In pnillSlEl] it has been shown that this duahty property of the AdSs x superstring is related to earher 
observed dual conformal symmetry of maximally helicity violating amplitudes of the A/" = 4 super- Yang-Mills 
theory and to the relation between gluon scattering amplitudes and Wilson loops at strong and weak coupling. 
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where T is the tension of the D2-brane, (piZ) is the dilaton superfield, 

gij{0=£i^£j''vAB I, J = 0,1,2; A, B = 0,1, ■ ■ ■ ,9 (4.31) 

is the induced metric on the D2-brane worldvolume with Sj^ = dj Sm^ being the pullbacks 
of the vector supervielbeins of the type IIA D = 10 superspace and 

J^^ = dV- B2 (4.32) 

is the field strength of the worldvolume Born-Infeld gauge field Vi{^) extended by the pullback 
of the NS-NS two-form. Ai and ^3 are the pullbacks of the type IIA supergravity RR 
superforms (12.81) and (12.111) . 

Provided that the superbackground satisfies the IIA supergravity constraints, the ac- 
tion (I4.30p is invariant under kappa-symmetry transformations of the superstring coordinates 
Z^(0 of the form (|418|) . fICTD . together with 

S^J^jj = -S^Sf6^Z^SM-H^AB = -AtSdSj^TATuS^S - 2tSf Sf S^STABruX , (4.33) 

where 6^^ = 6^Z-^£m~- 

In the case of the D2-brane the matrix F has the form 



det{g + J^) ---- 2 

(4.34) 

^ e'-'^SfSfS^TABC (1 + J^^^/^Jr^BTn). 



3!^_det((7 + ^) ^ ^ " 2 

4.4.1 D2 filling AdS2 x inside of AdS^ 

Let us consider the D2-brane configuration which corresponds to a disorder loop operator in 
the ABJM theory [21]. The 1/2 BPS static solution of the equations of motion of the D2-brane 
on AdS2 X 5*^ in the metric 

ds^ = (-rfx° dx^ + dr^ + r^difi^ + du^) + Rlp^ds^p^ , (4.35) 



where 



ds 



2 

CP3 



4 



da"^ + cos^ -^{d'&l + sin^ i^idipj) + sin^ ^{di^l + sin^ '&2dipl) 
-|-sin^ 2"^°^^ "2^'^^ ~'~ '"^^^I'^'^i "~ cos'(92<i932)^ 



is characterized by the following embedding of the brane worldvolume 

^o = x°, i^ = u, i2 = ^, r = ai^ (4.36) 
which is supported by the non-zero (electric) Born-Infeld field strength 

p^^d_^KdM^ j^^^^YV^2^ (4.37) 
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where a is an arbitrary constant. Note that the presence of the non-zero DBI flux on the 
AdS2 subspace of the D2-brane worldvolume is required to ensure the no-force condition, i.e. 
vanishing of the classical action fl4.30p of this static D2-brane configuration, provided that also 
an additional BI flux boundary counterterm is added to the action (see [29j for more details). 
A natural explanation of this boundary term is that it appears in the process of the dualization 
of the compactified 11th coordinate scalar field of the M2-brane into the BI vector field of the 
D2-brane. 

Note that in [29] this brane configuration was considered in a different coordinate system, 
in which AdS^ is foliated with AdS2 x slices instead of the flat R^'^ slices. This makes 
manifest the symmetries of the D2-brane configuration. An explicit form of the AdS^ metric 
in this slicing is 

dsl^^^ = (cosh^ ^ dsl^^^ + di)^ + sinh^ ^ dif^) (4.38) 

which is essentially a double analytic continuation of the usual global AdS^ metric. The 
static D2-brane configuration is then characterized by the identification of the worldvolume 
coordinates with those of AdS2 and the angle (p. However, for our choice of the kappa- 
symmetry gauge fixing condition the use of the metric in the form fl4.35p is more convenient, 
since the associated AdS^ vielbeins 

e' = ^dx\ e' = ^dr, = d^ , = du (4.39) 

2u 2u 2u 2u 

and the spin connection directly satisfy the relations (13. 6p and (13. 7p . 

One can be interested in D2-brane bosonic and fermionic fluctuations around this 1/2 BPS 
static D2-brane solution described by the action (I4.30p . To simplify the form of the fermionic 
terms, the kappa-symmetry gauge fixing for the D2-brane wrapping AdS2 x can be made 
in the simplest possible way considered in Subsection 13. 1[ To get the gauge fixed D2-brane 
action in this case one should substitute into (l4.3Up the expressions for the vector supervielbeins 
f l3:T9|l . the RR one-form fl3:20D and the three-form (K29^ . and the NS-NS two-form (13:261) . 



4.4.2 D2 at the Minkowski boundary of AdS^ 

Let us now consider the supersymmetric effective worldvolume action describing a D2-brane 
placed at the Minkowski boundary of the 74^5*4 space. In this case it is convenient to choose 
the AdS^ X CP^ metric in the form or fl^ . 

When the D2-brane is at the Minkowski boundary, we take the static gauge ^"^ = x"^. 
The 1/2 BPS ground state of the D2-brane is when its transverse scalar modes are constant 
and the Born-Infeld field and the fermionic modes are zero. As a consistency check, let 
us note that with the choice of the background value of the RR 3-form (12. lip and (13. 3p 
and of the corresponding (positive) Z}2-brane charge (characterized by the plus sign in front 
of the Wess-Zumino term (14.300 ). the action of the ground state of the D2-brane at the 
Minkowski boundary vanishes. This means that such a brane configuration is stable and does 
not experience any external force, i.e. it is a BPS state. 

If, on the other hand, with the same choice of ^3 (12. lip and (13. 3p . we considered an anti- 
Z}2-brane carrying a negative ^3 charge (which would be characterized by a minus sign in front 
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of the Wess-Zumino term in fl4.30p ). the ground state of this anti-D2-brane at the Minkowski 
boundary would have a non-zero action 

implying that such a solution is unstable (as is well known to be the case for a probe anti- 
D-brane in a background of D-branes). It is, therefore, important for the consistency of 
the solution to take care that the relative signs of the RR potential ^3 and the D2-brane 
charge (and, as a consequence, the sign of the kappa-symmetry projector) ensure the no-force 
condition, i.e. vanishing of the static D2-brane action. In the case of M2, M5 and D3-branes 
at the Minkowski boundary of AdS this issue was discussed in detail in [19j. 

For the static D2-brane configuration the kappa-symmetry projector (I4.34p reduces to 

^=^(1 + 7), 7 = 7°7 V = -7o7i72 (4.40) 
So the natural choice of the kappa-symmetry gauge fixing condition is 

9 = ^(1-7)0, (4.41) 

i. e. the gauge choice considered in detail in Subsection 13. 2[ Note that in the case of the 
D2-brane at the Minkowski boundary we cannot use the simpler condition = |(1 + 7)6 of 
Subsection 13. because the kappa-symmetry projector (I4.40p has the same sign. 

Plugging the kappa-symmetry gauge-fixed quantities of Subsection 3.2 into the action 
fl4.30p . one can study the properties of the OS'p(6|4) invariant effective 3d gauge-matter field 
theory on the worldvolume of the D2-brane placed at the Minkowski boundary of AdS^, which 
from the point of view of M-theory corresponds to an M2-brane pulled out to a finite distance 
from a stack of M2-branes probing R^/Zk- 

The effective theory on the worldvolume of this D2-brane, which describes its fluctuations 
in AdS4^ X CP^, is an interacting d = 3 gauge Born-Infeld-matter theory possessing the 
(spontaneously broken) superconformal symmetry 0Sp{Q\4:). The model is superconformally 
invariant in spite of the presence on the d = 3 worldvolume of the dynamical Abelian vector 
field, since the latter is coupled to the 3d dilaton field associated with the radial direction of 
AdS^. The superconformal invariance is spontaneously broken by a non-zero expectation value 
of the dilaton. An Af = 3 superfield model with similar symmetry properties was considered 
in the Appendix of [71]. To establish the explicit relation between the two models one should 
extract from the superfield action of [7T] the component terms describing its physical sector 
and compare the result with corresponding terms in the D2-brane action. 



5 Conclusion 

In this paper we have considered the gauge-fixing of kappa-symmetry of the superparticle, 
superstring and D2-brane actions in the complete AdS 4 x CP^ superspace which is suit- 
able, in particular, for studying regions of these theories that are not reachable by partially 
kappa-symmetry gauge fixed models based on the supercoset OS'p(6|4)/f/(3) x 5*0(1, 3). The 
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simplified form of these actions can be used to approach various problems of the AdS^/CFT^ 
correspondence. The gauge fixed form of the AdS^^ x CP^ supergcometry can also be used to 
consider the actions for higher dimensional D4-, D6- and D8-branes. 
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Appendix A. Main notation and conventions 

The convention for the ten and eleven dimensional metrics is the 'almost plus' signature 
(—,-!-, • • • ,-|-). Generically, the tangent space vector indices are labeled by letters from the 
beginning of the Latin alphabet, while letters from the middle of the Latin alphabet stand for 
curved (world) indices. The spinor indices are labeled by Greek letters. 



A.l AdS^ space 

AdS4^ is parametrized by the coordinates and its vielbeins are e" = dx"* e^"(x), rh — 
0, 1, 2, 3; a = 0, 1, 2, 3. The D — A gamma-matrices satisfy: 

{7^ 7'} = 2 r/^\ rj'' = diag (-, +, +, +) , (A. 1) 

The charge conjugation matrix C is antisymmetric, the matrices (7")a/3 = (C 7")a/3 and 
(7"'')a/3 = (C'7"'')a/3 are symmetric and 7^^ = (C7^)q,/3 is antisymmetric, with a,P ~ 1,2,3,4 
being the indices of a 4-dimensional spinor representation of S0{1, 3) or SO {2, 3). 



A.2 CP^ space 

CP^ is parametrized by the coordinates y™' and its vielbeins are e"' = dy'^' Cjni"'' (y) , m! — 
1, • • • ,6; a' = 1, • • • ,6. The D = Q gamma-matrices satisfy: 

{7»', 7''} = 2 5^''' , 5^''' = diag (+, +, +, +, +, +) , (A.3) 

7^ = ^ e aW,a'^a>,a>,a', 7"'^ " " " 7^^ 7^ 7^ = 1 . ( A.4) 
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The charge conjugation matrix C is symmetric and the matrices (7"')a'/3' = (C'7"')a'/3' and 
(7" ^ )a'/3' = iC' ^"-^ )a'0' arc antisymmetric, with a', (3' — I,-- - ,8 being the indices of an 
8-dimensional spinor representation of SO{Q). 

A. 3 Type IIA AdS^^ x CP^ superspace 

The type IIA superspace whose bosonic body is AdS^ x CP^ is parametrized by 10 bosonic 
coordinates = (x'", ) and 32-fermionic coordinates 0^ = (0^^ ) (yU = 1,2,3,4; /x' = 
1, ■ • • ,8). These combine into the superspace supercoordinates = (a;™, y"^ , 

0M/^)_ The 

type IIA supervielbeins are 

S-^ = dZ^ Em\Z) = E^) , E^{Z) = , E^{Z) = . (A.5) 



A. 4 Superspace constraints 

In our conventions the superspace constraint on the bosonic part of the torsion is 

^-%EV^E + %E^E\ + \e^E^Vb<^, (A.6) 
while the constraints on the RR and NS-NS field strengths are 

F2 = -ie'HV^^E^2%e-'*'E^EVAVxi\^\E''E'^FAB. (A.7) 
F, = ~e-t'E^E^ErABS + ls^S''E^E^FABCD, (A.8) 
= -iE^ETaTiiE + iE^E^ETabT'^\+^^S^S^E''Habc. (A.9) 

These differ from the conventional string frame constraints by the A-term in and related 
terms in F2, F4 and H^. This is a consequence of the dimensional reduction from eleven dimen- 
sions. They can be brought to a more conventional form by shifting the fermionic supervielbein 
E- by —\E^{Ta^)- accompanied by a related shift in the connection. 

The D = 10 gamma— matrices are given by 

{r^, r^} = 277^^, = (r«, r-^') , 

(A.IO) 

r" = 7«0l, r'^' = 75 r^i=75(8 7^, a = 0,1,2,3; a' = l,---,6. 

The charge conjugation matrix \s C — C ® C . 

The fermionic variables 0- of IIA supcrgravity carrying 32-component spinor indices of 
5*^2^^(1,9), in the AdS/^ x CP^ background and for the above choice of the D = 10 gamma- 
matrices, naturally split into 4-dimensional Spin{l, 3) indices and 8-dimensional spinor indices 
of Spin{6), i.e. 0^ = O"'*' {a = 1, 2, 3, 4; a' = 1, ■ ■ • , 8). 
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A.5 24 + 8 splitting of 32 9 

24 of 0- = B""' correspond to the unbroken supersymmetries of the ^^5*4 xCP^ background. 
They are singled out by a projector introduced in [6] which is constructed using the CP^ 
Kahler form Ja'b' and seven 8x8 antisymmetric gamma-matrices flA.3l) . The 8x8 projector 
matrix has the following form 

P6 = ^(6-J), (A.ll) 

where the 8x8 matrix 

J = -iJ^,y 7^ g^ch that J2 ^ 4J + 12 (A. 12) 

has six eigenvalues —2 and two eigenvalues 6, i.e. its diagonalization results in 

J = diag(-2, -2, -2, -2, -2, -2, 6, 6) . (A.13) 



Therefore, the projector flA.lip when acting on an 8-dimensional spinor annihilates 2 and 



leaves 6 of its components, while the complementary projector 

^2 = ^(2 + J), ^2+^6 = 1 (A.14) 

annihilates 6 and leaves 2 spinor components. 
Thus the spinor 

^aa' ^ Q^aa' ^ ^aa' a' =!,■■■ ,6 (A. 15) 

has 24 non-zero components and the spinor 

i;""' = (P2 6)°"' ^ V"' 2 = 1,2 (A.16) 

has 8 non-zero components. The latter corresponds to the eight supersymmetries broken by 
the AdSi X CP^ background. 

To avoid confusion, let us note that the index a' on spinors is different from the same 
index on bosonic quantities. They are related by the usual relation between vector and spinor 
representations, i.e. given two Spin{6) spinors ip^ and 1^2 y projected as in (lA.lSp . their 
bilinear combination = ipiV^'y'^ 'PQip2 = V^i ("^67" 'Pe)b'c'4'2 transforms as a 6-dimensional 
'vector'. 



Appendix B. OSp{6\A)/U{3) x S'0(l,3) supercoset realiza- 
tion and other ingredients of the (10|32)— dimensional 
AdS/i ^ CP^ superspace 

The supervielbeins and the superconnections of the OSp{6\4:)/U{3) x 50(1, 3) supercoset which 
appear in the definition of the geometric and gauge quantities of the AdS4^ x CP^ superspace 
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in Section [2] are 



M 



AI24 



V ^24 / 



aa 



(B.l) 



ah , ,ab{ 

R ' ' Mi^ 

2 



fi^'"' = - 4^(7'^'^' - ^r'^^)7^ sinh >l24/2 ^^^^ ^ 

A 1 T r^n'h' \ 4z ^ 7 ^sinh^A^24/2 _ „ 
A = -Ja'b'^'' ' = A{y) + - 197^7^ ^24^? , 

where 

(B.2) 

The derivative appearing in the above equations is defined as 

D24^ = V,{d + ^ e"7^7a + ^e^' la' - ^^'^SaS " \^''''' la'b')"» , (B.3) 

where e"(x), e"'' (y), ^^"^(x), uj"''^' {y) and A{y) are the vielbeins and connections of the bosonic 
solution. The U (3)-connection fi" ^ satisfies the condition 

where is the Kahler form on CP^. 

B.l Other quantities appearing in the definition of the AdS^^ x CP^ 
superspace of Section [2] 

R {M'r^j = 4{evr{ve^')^j - 2(7 Vt^)"^(t^7a)/3, - {r'vr{viabl')(^j ^ (B.5) 

{my^ = -^v''y^v\ (B.6) 

^^li — Oa — ■ ^— i^Ta -£^7 5 



(B.7) 



/9 
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, 8i ^sinh2A</2 



2..,. (B.8) 



5 sinh^ 



^{v) = I + —V eY ev . 



Let us emphasise that the 5*0(2) indices i,j = 1,2 are raised and lowered with the unit 
matrices 5'^^ and 5jj so that there is actually no difference between the upper and the lower 
50(2) indices, Sij = —eji, = —e^^ and e^"^ = = 1- 

Appendix C. Identities for the kappa-projected fermions 

When the fermionic variables G- = {'&°'"'\ t;"*) are subject to the constraint ( 13. Sp . the following 
identities hold. 



C.l Identities involving v 

4 



^y^i = ^y^i = 0, v'^'v'^^ij = -]{{l±-f)C'^T'^vv, (C.l) 



where 7 = 7°^^ and vv = 6ijV°'^Caf3v'^^ . 

Another useful relation is (e^^^ = —£012 = 1 



vjabdv = ±eabcV'j''dv , (C.2) 



which also holds for the kappa-projected and di). 
Using eqs. flClT]) and flCl^ we find that 



vej^v vE'ybV = S^{vvY , veY^v ve'jcbV = 26^{vv)'^ , (C.3) 

= -^v'j^v^ = (C.4) 
R 



and 

{M'^evY' = Q. (C.5) 

A similar computation shows that 

ve-f^M^ = 0. (C.6) 
It is also true in general (i.e. without fixing K-symmetry) that 

7^2^ = 0, v^^M^ = 0. (C.7) 

Using the above identities we find that for v satisfying (13.81) 

M'Dv = ^{E-±^n-^){^av)vv (C.8) 
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which results in 

(C.9) 

where E", fi*'^ and n''^ are AdS4 components of the supervielbein and connection of the su- 
percoset OS'p(6|4)/f/(3) x 5*0(1,3) defined in eqs. fIB.ip and the matrix Jli"^ is defined in eq. 

(Es]). 

We also find that 

5sinh^VV2^^ = ^,^^nv = ^{E^± -n^')vejav . (C.IO) 

R 2 

C.2 Identities involving t?"" and the simplified form of the 

OSp{6\4)/U{3) X 50(1,3) supergeometry 

Using the definition of A^24 5 ^q. (lB.2p . and the fact that 

[/^^71 = o (c.ii) 

we find that 

(^7VA^L)/3^' = (Mli'r' = , (C.12) 

where 7' is any product of the gamma- matrices that commutes with 7 = 7^^^^, e.g. any product 
of 7" and 7". A slightly longer computation, using the fact that 

shows that with this projection of the 

Mi = 0. (C.14) 

Using the identity 

= -^((1 ± 7)C-^)"'3?9?9 , (C.15) 
where = C ^^p^^^' 6a'b' , one can further show that 

{MlD,,{}r' = -^(e" ± ^u''){^,^r-' m, (C.16) 
where the covariant derivative D24,, defined in (IB.3p . becomes 



This gives 



^^-{I + I-M'JD,,^ = ^^-D,,^ + ^{e'^±^uj'^')m\ (C.18) 
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and in particular 



Using the above expressions one finds that the form of the OS'p(6|4)/f/(3) x S0{1, 3) geomet- 
rical objects (IB.ip simplify to 

2K z 

E'^ = e^(x), 

R 2 

it W I 

^ R^a3 ^ ga^^^ ^ ^^^''^(a;) . (C.20) 

Thus, in the chosen K-sjTiimetry gauge the 05*^(6 |4)/f/(3) x 5*0(1,3) supercoset geometry 
depends on the fermionic coordinates only up to the 4th power. 

Note that in all the above expressions the components 6*^(0;) (a = 0, 1,2) and R/2u'^^{x) 
of the AdSi vielbein and connection appear only in the combination e"(x) ± R/2uj°'^{x). This 
combination has a very clear geometrical meaning. In the case, when the indices a = 0,1,2 
label the directions of the 3d Minkowski slice of the AdS^, e"(x) ± R/2uj"'^{x) corresponds 
to the generator Yia = PaT ^f^Mas of the Poincare translations ([Ha, life] = 0) along the 3d 
Minkowski boundary which is the linear combination of boosts and Lorentz rotations in AdS4^ 
(see |tl9j for more details). More precisely, e"'{x) — R/2uj°'^{x) corresponds to the Poincare 
translation, while e°'{x) + R/2uj°'^{x) corresponds to the conformal boosts in M3, or vice versa, 
depending on the orientation. 

When the AdS^ metric is chosen in the form fl3.ip the vielbein e"(x) and the connection 
uj°'^{x) are proportional to each other, namely, 

e« = -^cu"l (C.21) 

Actually, this relation can be imposed for any form of the metric by performing an appropriate 
50(1,3) transformation of the AdS^ vielbein and connection. 
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